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Abstract
Non-Homogeneous Poisson Processes (NHPPs) model events with time-
varying arrival rates, making them useful across fields such as seismol-
ogy, meteorology, and infrastructure risk analysis. This paper tests for
NHPP behavior by estimating time-dependent intensity functions, apply-
ing the Time-Rescaling Theorem to transform event times, and using the
Kolmogorov-Smirnov test to evaluate goodness of fit. Using R software, we
apply this framework to real-world datasets, including tornado occurrences,
earthquake events, wildfire incidents, and oil pipeline accidents, providing
a practical approach to assessing the suitability of NHPPs in diverse set-

tings.
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1 Introduction

1.1 Background

Non-Homogeneous Poisson Processes (NHPPs) are a class of stochastic processes used to model the occur-
rence of random events over time, where the event rate is allowed to vary with time. Formally, an NHPP
is defined on a time interval [0,00) with a time-dependent intensity function A\(¢) > 0 such that the
number of events N(t) occurring in [0, ¢] satisfies the following conditions: (1) N(0) = 0, (2) the process

has independent increments, and (3) for any s, ¢ > 0,

P(N(s+t) — N(s) = n) = % [A(s + 1) — A(s)]" e [Ae+0=20)] - —g 12,

¢
where A(t) = / A(u) du is the integrated intensity rate function.
0

In this paper, we investigate whether certain real-world event sequences are consistent with an NHPP
model. Since the intensity function A(¢) is typically unknown, we estimate it from data using regression
techniques. We then apply the Time-Rescaling Theorem to transform the observed event times, and use the

Kolmogorov-Smirnov test to assess whether the transformed data follow the expected distribution under



an NHPP. Rather than proving that a process is definitively Poissonian, we adopt a practical approach:
we assume the NHPP model is valid and evaluate the degree to which the data conform to that assump-
tion. This framework allows us to test for deviations from the model and identify potential structural

inconsistencies in the underlying event-generating process.

1.2 Literature Review

Non-Homogeneous Poisson Processes (NHPPs) are widely applied in diverse scientific domains. In relia-
bility engineering, NHPPs model time-varying failure rates in repairable systems and inform maintenance
strategies [1,2,3]. In neuroscience, NHPPs characterize neural spike trains by capturing time-dependent fir-
ing rates in response to stimuli [4,5]. In telecommunications and network traffic modeling, NHPPs are used
to describe non-stationary arrival rates of calls or data packets [6,7]. NHPPs are employed in seismology
and climatology to model earthquake occurrences or rainfall events with non-constant intensity [8,9]. In
queueing theory and operations research, NHPPs help analyze service systems with variable arrival rates,
such as call centers and emergency rooms [10,11]. Finance and insurance apply NHPPs to model the timing

of claims, defaults, or market shocks when risk evolves over time [12].

2 Theoretical Framework

2.1 Time-Rescaling Theorem

The Time-Rescaling Theorem is a fundamental result in point process theory that provides a method for
testing whether a given event sequence follows a Non-Homogeneous Poisson Process (NHPP). Suppose we
are given a sequence of event times tq,ts,...,t, and we hypothesize that the underlying process follows a

Non-Homogeneous Poisson Process with intensity function A(t).

The Time-Rescaling Theorem states that if the event times ¢; are generated by an NHPP, then the trans-

formed (rescaled) event times A(t;), defined by the integral of the intensity function:

Alty) = /0 () du

will correspond to the event times of a homogeneous Poisson process with rate 1, meaning that the trans-
formed inter-arrival times should be exponentially distributed with rate parameter A = 1. Specifically, the
rescaled inter-arrival times AA(t;) = A(t;) — A(t;—1) are i.i.d. with distribution:

P(AA(t;) <t)=1—¢""
for t > 0, where AA(t;) is the transformed inter-arrival time [13].

The Time-Rescaling Theorem provides a way to test the hypothesis that the original process follows a
Non-Homogeneous Poisson Process. If the transformed inter-arrival times follow the expected exponential
distribution with rate 1, we can conclude that the event sequence indeed follows an NHPP with the given
intensity function A(t). Otherwise, deviations from the exponential distribution suggest that the process
is not an NHPP.



In practice, the Time-Rescaling Theorem is applied by computing the integral of A(t) for each event time
and transforming the data accordingly. This transformation allows us to test the fit of the event times to

an exponential distribution using statistical methods such as the Kolmogorov-Smirnov (KS) test.

2.2 Kolmogorov-Smirnov Test

The Kolmogorov-Smirnov (KS) test is a non-parametric statistical test used to compare the empirical cu-
mulative distribution function (ECDF) of a sample to a theoretical cumulative distribution function (CDF).
In the context of testing whether a sequence of rescaled event times follows an exponential distribution
with rate 1 (i.e., Exp(1)), the KS test is applied as follows.

Let A, (t) denote the ECDF of the rescaled event times A(t1), A(t2), ..., A(t,), and let F(¢) be the theo-

retical CDF of an exponential distribution with rate 1, given by:
Fit)y=1-¢e" t>0.

The KS test statistic is defined as the maximum absolute difference between the ECDF of the data and
the theoretical CDF:

D = sup|An(t) - F(1)]
t>0

where sup denotes the supremum (maximum) over all values of ¢ [14].

To evaluate the significance of the observed value of D, we compare it to the critical value from the KS
distribution for a given significance level «. If the observed value of D is larger than the critical value,
we reject the null hypothesis that the rescaled event times follow the theoretical exponential distribution.
Otherwise, we fail to reject the null hypothesis, implying that the data do not significantly differ from the

expected exponential distribution.

The p-value associated with the KS test is computed based on the distribution of D under the null hy-
pothesis. The KS test provides a powerful way to test the goodness of fit of a sample to a theoretical
distribution without making any assumptions about the underlying data other than continuity. A small
p-value indicates a significant deviation from the theoretical distribution, while a large p-value suggests

that the hypothesis of an exponential distribution cannot be rejected.

Mathematically, the p-value and D for the KS test can be approximated by the following:

P(D, > D)~ 23 (—1)k~le2k*D*n (1)
k=1

1.36
NG

where n is the number of events and D is the observed value of the KS statistic. The first expression arises

(2)

Dcritical ~

from the limiting distribution of the Kolmogorov-Smirnov test statistic under the null hypothesis and is
highly accurate. The second expression provides an accurate approximation for large n when a = 0.05,

but is not exact and may be less reliable for small sample sizes [15]. Both (1) and (2) will be used in all



examples when calculating p-values and D ;ticq; values.

3 Applications

3.1 Earthquakes in Southern California

Earthquake occurrences in Southern California are modeled by a Non-Homogeneous Poisson
Process. Using earthquake data from the IRIS Seismic Network, the dataset was filtered to include only
earthquakes that occurred between October and December of 2024, and removed any aftershocks within a
2-hour window. Additionally, one extreme outlier week was removed. After filtering, a total of 90 unique

earthquakes were recorded within the three-month period.

In order to approximate the intensity function A(t) for the hypothesized Non-Homogeneous Poisson Process,
we graph the observed daily intensity, grouped by week, and attempt to find a function of good fit. Seeing
the strikingly quadratic trend in Figure 1, we use polynomial regression to find the intensity function below.

t Ly
A(t) = 0.17653 + 44.27205 (m) - 436.15277 - (M) '
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Figure 1: Earthquake Intensity Approximation A(t)

Next, to test the validity of the Non-Homogeneous Poisson Process model with the intensity function
described by A(t), we applied the Time-Rescaling Theorem. The Time-Rescaling Theorem converts the
original event times into “rescaled” event times by integrating the intensity function A(¢) from 0 to t, where
t represents the time of each event. Taking the difference of adjacent rescaled event times transforms them
into a new set of inter-arrival times, which should follow an Exp(1) distribution if the original data are
from a NHPP.

To test whether the rescaled inter-arrival times follow an Exp(1) distribution, a Kolmogorov-Smirnov (KS)

test between the rescaled inter-arrival times and an Exp(1) distribution was performed.



The KS test resulted in a test statistic of D = 0.09629 and a p-value of 0.3518. The test statistic D
represents the maximum difference between the empirical cumulative distribution function (ECDF) of
the rescaled inter-arrival times and the theoretical CDF of an Exp(1l) distribution. Using Deyitical =
1'—\/37? (for a = 0.05) where n is the number of observations, we find Deyitical & 0.14335. Since D < Dyitical
and the p-value is greater than the significance level of 0.05, we fail to reject the null hypothesis. This
suggests that the rescaled inter-arrival times are not significantly different from an Exp(1) distribution, sup-
porting the hypothesis that the earthquake occurrences in Southern California follow a Non-Homogeneous

Poisson Process with the specified intensity function A(t).

This finding aligns with geophysical understanding—while earthquakes are generally unpredictable on an in-
dividual level, their broader occurrence patterns over time can be influenced by tectonic stress accumulation
and fault activity, which evolve gradually. The ability to model these patterns using a Non-Homogeneous
Poisson Process provides a valuable statistical foundation for earthquake risk analysis. Incorporating such
models into seismic monitoring systems may help improve early warning frameworks, resource allocation for
emergency preparedness, and long-term infrastructure planning in seismically active regions like Southern

California.

3.2 Tornadoes in Tornado Alley

Tornado events in Tornado Alley are not modeled by a Non-Homogeneous Poisson Process.
Using tornado data from the NOAA’s National Weather Service Storm Prediction Center, the dataset was
filtered to only include tornadoes in Tornado Alley (Texas, Oklahoma, Kansas, and Nebraska) in the year
2020. After removing duplicate tornado sightings, a total of 160 unique tornadoes occurred in this time
period.

In order to approximate the intensity function A(t) for the hypothesized Non-Homogeneous Poisson Pro-
cess, we graph the observed daily intensity, grouped by week and attempt to find a function of good fit.
Seeing the trend in Figure 2, we tried many different functional forms such as Sigmoid, Log-normal, and

Gamma. Ultimately, a Weibull function was the closest fit. Thus, the intensity function can be represented

o)l ()]

Using non-linear squares optimization on a, b, and ¢, we find

¢ 0.31682 ¢ 1.31682
= 234216 ( ———— B (R — .
Al) =23 6(99.29182) eXpl (99.29182) ]

as:
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Figure 2: Tornado Intensity Approximation

Note that the x-axis of Figure 2 does not go up to 365 because the last tornado sighting of 2020 was on
September 1. Next, to test the validity of the Non-Homogeneous Poisson Process model with the intensity
function described by A(t), we applied the Time-Rescaling Theorem. The Time-Rescaling Theorem con-
verts the original event times into “rescaled” event times by integrating the intensity function A(¢) from
0 to t, where t represents the time of each event. Taking the difference of adjacent rescaled event times
transforms them into a new set of inter-arrival times, which should follow an Exp(1) distribution if the

original data are from a NHPP.

To test whether the rescaled inter-arrival times follow an Exp(1) distribution, a Kolmogorov-Smirnov (KS)

test between the rescaled inter-arrival times and an Exp(1) distribution was performed.

The KS test resulted in a test statistic of D = 0.63732 and a p-value ~ 0. The test statistic D represents
the maximum difference between the empirical cumulative distribution function (ECDF) of the rescaled
inter-arrival times and the theoretical CDF of an Exp(1) distribution. Using Deyitical & % (for a = 0.05)
where n is the number of observations, we find Dcyitical &= 0.10752. Since D > D itical and the p-value is
less than the significance level of 0.05, we must reject the null hypothesis. This suggests that the rescaled
inter-arrival times differ significantly from an Exp(1) distribution, and provides evidence that tornadoes
in Tornado Alley do not follow a Non-Homogeneous Poisson distribution. While only the calculations for

Tornado Alley were shown above, the same results are found for all 50 U.S. states.

The poor fit suggests there may be temporal clustering, such as multiple tornadoes during the same
storm, which violates the assumption of conditional independence given A(t). Additionally, the intensity
function derived from the Weibull function may not fully capture the complex, multi-scale dynamics driving
tornado formation, such as atmospheric instability or seasonal weather patterns. This insight is crucial for
improving tornado forecasting models by implying that alternative models (e.g., clustered point processes

or Cox processes) may be more suitable to capture the complex structure of tornado events.



3.3 Oil Pipeline Accidents

Oil pipeline accidents in the United States are modeled by a Non-Homogeneous Poisson Pro-
cess. Using records for oil pipeline spills and leaks from the Department of Transportation’s Pipeline and
Hazardous Materials Safety Administration, the dataset was filtered to include only events that occurred
in the first half of the year 2016 (January to June). After filtering, a total of 210 unique accidents were

recorded within the one-year period.

In order to approximate the intensity function A(¢) for the hypothesized Non-Homogeneous Poisson Pro-
cess, we graph the observed daily intensity, grouped by week, and do not notice a clear trend in Figure 3.
We attempt to fit a constant intensity function by finding the mean number of events per day. Thus, the

intensity function can be represented as:
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Figure 3: Oil Pipeline Accident Intensity Approximation

Next, to test the validity of the Non-Homogeneous Poisson Process model with the intensity function
described by A(t), we applied the Time-Rescaling Theorem. The Time-Rescaling Theorem converts the
original event times into “rescaled” event times by integrating the intensity function A(¢) from 0 to t, where
t represents the time of each event. Taking the difference of adjacent rescaled event times transforms them
into a new set of inter-arrival times, which should follow an Exp(1) distribution if the original data are
from a NHPP.

To test whether the rescaled inter-arrival times follow an Exp(1) distribution, a Kolmogorov-Smirnov (KS)

test between the rescaled inter-arrival times and an Exp(1) distribution was performed.

The KS test resulted in a test statistic of D = 0.07674 and a p-value of 0.1685. The test statistic D repre-

sents the maximum difference between the empirical and theoretical CDFs. Using D yitical & % (for a =

0.05) where n = 210, we find Dgyitical &~ 0.0938. Since D < Deyitical and the p-value is greater than the



significance level of 0.05, we fail to reject the null hypothesis. This suggests that the rescaled inter-arrival
times are not significantly different from an Exp(1) distribution, supporting the hypothesis that oil pipeline
accidents follow a Non-Homogeneous Poisson Process with constant intensity A = 1.11111.

Furthermore, because the intensity function A is constant and independent of ¢, the process also satisfies
the conditions of a Homogeneous Poisson Process (HPP), where:
M\ ke—/\t
P(N(t)=k) = L
k!

While it may seem contradictory to label a point process as both Non-Homogeneous and Homogeneous, the
definition of an NHPP allows A(t) to vary with time—it does not require it. Therefore, a HPP is simply a
special case of an NHPP with constant intensity. This dual classification means that techniques developed

for NHPPs in this paper also apply to HPPs, and in this case, modeling is greatly simplified due to the

constant rate.

Oil pipelines are monitored under consistent operational and regulatory standards throughout the year,
making accidents roughly equally likely on any given day. As such, the assumption of constant intensity
is a reasonable approximation for this system in the real world. This simplification makes it significantly
easier to forecast and allocate resources for oil spill response teams, allowing regulatory agencies to better

prepare for and mitigate future pipeline accidents across the country.

3.4 Wildfires in California

Wildfire incidents in California are not modeled by a Non-Homogeneous Poisson Process.
Using spatial wildfire data acquired from the reporting systems of federal, state, and local fire organiza-
tions, we filtered the dataset to include only wildfires that happened in California in 2018, and removed
any duplicate sightings of the same fire. After filtering, a total of 7,589 unique wildfires were recorded

within the one-year period.

In order to approximate the intensity function A(t) for the hypothesized Non-Homogeneous Poisson Process,
we graph the observed daily intensity, grouped by week, and notice a trend very similar to a normal

distribution in Figure 4. Thus, the intensity function can be represented as:

Using non-linear squares optimization on o, u, and «, we find

A(t)

A(t) = 107.4295 - (- 193.9674)2) .

1
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Figure 4: Wildfire Intensity Approximation

Next, to test the validity of the Non-Homogeneous Poisson Process model with the intensity function
described by A(t), we applied the Time-Rescaling Theorem. The Time-Rescaling Theorem converts the
original event times into “rescaled” event times by integrating the intensity function A(¢) from 0 to t, where
t represents the time of each event. Taking the difference of adjacent rescaled event times transforms them
into a new set of inter-arrival times, which should follow an Exp(1) distribution if the original data are
from a NHPP.

To test whether the rescaled inter-arrival times follow an Exp(1) distribution, a Kolmogorov-Smirnov (KS)

test between the rescaled inter-arrival times and an Exp(1) distribution was performed.

The KS test resulted in a test statistic of D = 0.2413 and a p-value =~ 0. The test statistic D represents the
maximum difference between the empirical and theoretical CDFs. Using D itical ~ % (for a = 0.05)
where n = 7,589, we find Dgyitical &~ 0.0156. Since D > Dq,itical and the p-value is less than the significance
level of 0.05, we can confidently reject the null hypothesis. While only the calculations for California were
shown above, very similar results are found for all 50 U.S. states. This suggests that the rescaled inter-
arrival times significantly differ from an Exp(1) distribution, providing evidence for the claim that wildfire

incidents in California (or any other U.S. state) do not follow a Non-Homogeneous Poisson distribution.

This result is consistent with real-world dynamics—wildfires are highly seasonal and influenced by envi-
ronmental factors like temperature, humidity, and wind, which fluctuate significantly over the course of
a year. As a result, more sophisticated models that incorporate weather patterns, vegetation dryness,
and human activity are likely needed for accurate forecasting. Understanding these variables is crucial
for developing more adaptive fire management policies, improving early warning systems, and efficiently

allocating firefighting resources throughout California and other U.S. states.



4 Future Work

Future research on non-homogeneous Poisson processes (NHPPs) could pursue several promising directions.
Perhaps the most compelling (and time-saving) direction would be the development of a robust method for
selecting the functional form of the intensity function A(¢). While polynomial regression is effective when
the underlying form is polynomial, it is often unclear whether A(¢) is best modeled using a polynomial,
exponential, logarithmic, trigonometric, or another functional family. So, creating a way to determine
the underlying form of the intensity function would save a lot of guess-and-check work. Techniques such
as nonparametric model selection, cross-validation across basis function classes, or adaptive model fitting
using splines and kernel methods could offer optimal strategies for identifying the most appropriate func-

tional form from the data alone.

Another research direction could be the extension of NHPPs to higher dimensions, where the intensity
function varies not only over time but also across space. This spatial-temporal generalization would allow
for modeling more complex stochastic behavior in dynamic systems. Using the tornado modeling from
Section 3.2 as an example, we may create a more accurate intensity function A(¢,1) that takes into account
not just time but also latitude to improve results. Another promising approach to look into is the use of
Bayesian methods to estimate the intensity function, allowing for formal incorporation of prior structural
assumptions (e.g., smoothness or functional form) and providing a full distribution over possible intensity

curves to quantify uncertainty in both the function shape and event rate estimation.

5 Supplemental Materials

To support and extend the findings in this paper, all relevant R codes and datasets are available in a public
GitHub repository. This repository, created under the username ryrod724 and titled Statistical-Validation-
of-Non-Homogeneous-Poisson-Processes-via-Time-Rescaling, provides readers with access to the full suite

of resources used in this study.
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